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Lecture 1 - January 7

Syllabus
Introduction to the Course

Solving Problems via Data Structures



Course Learning Outcomes (CLOs)
erecord,

API .

+ /
postcond.

- TMU.

-
JUnit testing (regression)

-make decisions among
alternates DS.

↳Dcorrectness & efficiency (running time)



Sorting

Insertion Sort nest,
3 . Merge Sort recursively.
4

.

Quick Sort

5 . Heap Sort
↳ balanced binan search tree



Writen Test Exem
- in-person

~ section-specific - 3 hours

~ eclass (in-person)
- mostly

written questions.

~ multiple choiceGs.

(one or multiple correct ans.).

Programming Tests

starter - tests
~ example usages ofmethoae-

-
estproj ↳ Tests .Java ↳ You're expected:

(zip)-model c) not to make your code-

↳ empty work of for the starter
22, write additional tests. tests.



General Tips about Success

Source: https://a.co/d/aQ13fR1



Lecture 2 - January 9

Introduction to the Course
Recursion: Part 1

Solving Problems via Data Structures
References to Recursion Basics
More Advanced Recursion: splitArray



Announcements/Reminders

• Assignment 1 released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Trial attendance check via iClicker today!



A Searching Problem

D .

->

O 18-1
db - 1 .....

Nostal iterationsa t

BBST : logzlo 23 .

3



Solution for Efficient Searching Aga
e.g/0

~ soot

Balanced Binary SearchTea
heig

11 I
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Program Optimization Problem

stays invarianactions
-
T

1
.

17 Compiler (AR4) present,timizedrel

-> trentinginput o theput
prog.



Program Translation Problem
lational

X objectiveege



Solving a Problem Recursively

Given a small problem: Solve it directly: 

Given a big problem: 

Divide it into smaller problems: 

Assume solutions to smaller problems:

Combine solutions to smaller problems:

4
-MahInductionStougSoa

base
cas

making=assumeelution
to

lear bif
thispto #1
resia #↳

combination
of subsolutions



Say a2 = {A, B, C}, consider m(a2, 0, a2.length - 1)

Recursion on an Array: Passing Same Array Reference-
the value of as address will bepassed betweenexcursive

calls

- Xspecify the
*

-

~ range of elements
E= ina to look at

fromAt ⑮b from in a specific
a - 11 I consta. 2 recursive call~ empaget (without the need

~

to create a

az (B) from to new sub-arrang)m(92 > 0 ,
2)

↓

->m(92 , I ,
2)

↓

m(a] , 2 = 2)



Problem on Recursion https://codingbat.com/prob/p185204

splittera ([2 ,
5
,33) -> true· emwa m + mx -- - * m

~ -

Fini = =... - times
# -

n elements

Intuition *
MATH 2030 : How many ways to put 1 elements "intomgroups ?

[][] 2.

zig)/\2 :9
-> [2][] [][z]
3:91/B :g23igl/15 :92
[233][] [2JIS] [S][z] [J[2:3]



Lecture 3 - January 14

Recursion: Part 1
Asymptotic Analysis of Algorithms

splitArray: Implementation and Tracing



Announcements/Reminders

• Assignment 1 released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Problem on Recursion https://codingbat.com/prob/p185204

splittera ([2 ,
5
,33) -> true·

~ ~ Insight : The recursive and base cases are worst

# defined S.t .

the tree of runtime case

recursive calls represents an -

↳ exhaustive startIntuition on the

MATH 2030 : How many ways to put 1 elements into upgroups
? put

[][] first 2. scenarios.
cal

z:g/ 12 : 92 non-bast
-> [2][][][z] casts

3:91/B :g23igl/15 :92
[233][] [2JIS] [S][z] [J[2:3] bast cases



splitArray: Java Implementation>
emptygroups.

↓

starting to goup elements from index o

~ ~ ~ ~

hort-circuit
Seal

use

0

, 7 ...Eithus length "

I

↑SAH(us is sqle5gz)
] :&

11
ns[i] : g2

L

SAH (uSa[+3g1+ Us[z] ,Sg2) SAH(nTg i+12 SgIgSgItusES



Math

Commutativity :

↑xg = & "P
Pvq = gvp

Java

Evaluation orders matter Ope = g &* 4
& 11 do not commute Ep 11g = g11p

D Evaluation : left to right eperal . to 1 -> still eval &E
48C. to T + still eval G peal, to T -> skip eval. ofG
peral. to F -> Speral ofG -> overallD -> overallI



splitArray: Tracing (1)
&

-

T M

~ n
&

#
⑨
&sA(nS)(A)
⑳I ~

~

SAH(nS : 0, 0 , 0)(B) *
&
D us50]: 9)

(C)[
us[o] : q2

sAHf(nss&s& 0 Il SAlt(ns
,
1

,
0

:
2)

us[I] : gl ns[z] : g2 ns[l] :gl M[i] : g2
F Il T T Il F

AH(ns
>D,

420) SAH(nB2 , 2) SAH(43 :22a2) S&H(nss&304)
(D) (E) &



splitArray: Tracing (2)

Exercist

(1) Trace (recursion tree
22, Trace (debugger)



splitArray: Tracing (3)



splitArray: Tracing (3) input
0 i 23456

12310101
Level o (0 , 0)

1 = 2

Level I 1 :91/ Xigzafter inspec. z = z
Ist

elem .

o
(1 ,0) (0 : 1)

de z :g :gzg 4 :
after insp
."

end elen.
at index
1 : geometric sega

/

Laelit
fri/1/1/1 ... /7 /) ... /) : 2 = 128
the exl



Lecture 4 - January 16

Asymptotic Analysis of Algorithms

Limitations of Experiments 
Primitive Operations (POs)
Counting POs: findMax



Announcements/Reminders

• Assignment 1 released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site
• splitArrayHarder: an extended version coming soon



(blackbox) judged b > 1.
Correctness

↳ testing (dynamicalgorithm ↳ formal method (static)
t

, steps
manipulates output ↳ 1090

ESs S (3342
> 4315)&conforms

to 2. Efficiency *

S
meatsolve (type) . ↳ TimeEerimsa

Computinaet , expected output) ↳ Space (big-0).
* Limitations : ↳ may impact IT
(1) full setting implementation
(2) exec . environment

13, input representativeness



Example Experiment

#
-answer = answer + C&100011

answer
*

#
answe#(doubling strategy)



Accessing an object's attribute

caggregation -
class A & class B & class C3

B b ; CC = A as
=

mac

33 3 3

arbitrarilya
↳

Assumption - does.
b . C

6 . C
.
A Length of dot notion expression

caslong
a

salid) is always a m mulconstant.



MethodCall :

may or may not be a 40

fixeds dependent
sitobjn. Case 2 m net Po

sizeofputmcs &
T for (in+ i= 0 ; dategth;↑ Case I Im considered as Po i++ )S
99 : ii) 3
<m > )
- 3
-

for(intg9:j
++

a Poo - be : Godsal,idered a
PO)-

-

T i
car

3
(i) awetthat'sM

&⑪a loth afixedstratio
as



Example 1: Counting Number of Primitive Operations

Q. # of times i < n in Line 3 is executed?

Q. # of times loop body (Lines 4 to 6) is executed?

findMax(a , Glength)

2- 1+ 1 E
(n - 1) . Z ?OD (n-1) . 2

↓
(n - 1) ·2
I "I

i = i
+/

21 times (n-1 times iCnD ; 1 time iCnE)
~

2-1 times TDze of in put



Lecture 5 - January 21

Asymptotic Analysis of Algorithms

From Absolute RT to Relative RT
Approximating RT Functions
Asymptotic Upper Bound (Big-O): Def.



Announcements/Reminders

• Assignment 1 released
• splitArrayHarder: an extended version released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Example 2: Counting Number of Primitive Operations

Q. # of times Line 3 is executed?

Q. # of times loop body (Lines 4 to 8) is executed?

Q. # of POs in the loop body (Lines 4 to 8)?

↓

(Exercise)



Comparing Algorithms: From Absolute RT to Relative RT

/absolute e .g. Mas() + = 2 (m>

cimetenvironment
e . g .
Macso

>

abs. RT Mac MI Mac14 when consid
the same alg.,

n -2 (100 .7-2) . 2 (100 · 71-2) · 4 it's not

absolut necessary to101+ 3 (100 · 1 +3). know the

togorithmthing ↓ precise RT

common difference
the semblem) inten =

100) WhenComing createfactor
.4 I disre.



Exercise: Approximating f(n) = 7n + 2n · log n + 3n² &s

- by defaultat 1

in + 2n . byn + 31

=
I

2

hest power y,a term& power
:
2 hig

7 . 2 + 2 . u + 3 . n casifmy over
=

.Agn this hignatesthe rest)

Geton
insta than constant (ii)
slower than linear (u)

farms Approximation
:

2

multiplicative constants N



RT Functions: Rates of Growth (w.r.t. Input Sizes)
Grostest
->

↓

growswest

↳
f(n) = 1000 = 1000 . 20

+(1000) = 1000

f() = 1000
f((M) = 1000



Comparing Relative, Asymptotic RTs of Algorithms

Q1. Compare:
RT1(n) = 3n² + 7n + 18
RT2(n) = 100n² + 3n - 100

Q2: Compare:
RT1(n) = n³ + 7n + 18 
RT2(n) = 100n² + 100n + 2000

X - --

XO -- =n

↳ equally efficient , asymptotically.

O ---
~ XO --

↳ RTz more efficient (taking less time),

asigmptotically.



fin) : RT function

↳ input size> relative RT

fin) - o(gin) e.g . fans :in -2

[ g(n) : reference function xg()
c . g()

Ibeing (further manipulation on gins expected-

amembeemily it can
means

that

somehow
beddGoal : Prove fen) is 0 (gin) (

upper
biglet



Asymptotic Upper Bound: Big-O Example:
f(n) = 8n + 5
g(n) = n

Prove:
f(n) is O( g(n) )

Choose c = 9. 
What about n0?

U .

b
.

C.: upper-bound effect

# can No be I ?

F

~Mugits slope -

#. 4
startingof ~

point 8+5= Bthe u .
b

.
e. # False

↳ 4
.

6
.
3

.

⑪ not there
.

whenebita
for u =

do

- starting

egbis there
!



Proving f(n) is O( g(n) )
f(n) = Cg(n)

d) fD = ( . *
I

-> g(n) (f(n) < C . 49
(n > 1)

#

#



Lecture 6 - January 23

Asymptotic Analysis of Algorithms

Big-O: Pred. Def., Properties, Examples
Correct vs. Accurate Asymptotic U.B.
Deriving U.B. from Code: Basic Examples



Announcements/Reminders

• Assignment 1 due next Monday
• splitArrayHarder: an extended version released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Asymptotic Upper Bound: Example

g(n) = n

f(n) = 8n + 59 * g(n) = 9n

5

45

5

fin) is order of O (g(n)
C .

RTfunctiona
ref?function

↓
is
never

fan)upper-bounded by#set>
ga)I gSale



Q. Formulate the definition of “f(n) is order of O(g(n))” 
using logical operator(s): ¬, ∧, ∨, ⇒, ∀, ∃ 

Known:

Asymptotic Upper Bound (Big-O): Alternative Formulation

=

fins = Ocgcns)>Ec . no · (20 x Mos 11 (Fr ·>,
No = fie) = c.gan)



Proving f(n) is O( g(n) )
* 1= E = - .. = 19= f(n) = Cg(n)

** I I I

S & & E dGoc(Go ) fD = ( . *
I

Gelai) ~
-> g(n) (f(n) < C . 49

! Ex)

Adelad
f() = Go. G -F... + ad . Id

Id
C g()

< 190l < 191)-***
d
* (+Q+ - - + ad) . [d* (1901 + 191) + ... + (ad)) .

Id

nod# (n >1)
d d

fen) = Go &I --add-nd C ginsind * (Go + 21 + . .. + ad) · &* (190l + 19. ) + ... +1dD).



Exercise: Prove f(n) = 5n⁴ - 3n³ + 2n² - 4n + 1 is O(n⁴) 17
.

5 . nt
-3+*-+T. :

(1) Guess : On 4
(2) Prove g(n)

choose &= 15 + 1)- 3)1 + 121+ 11-4))+11) =1)

Verify : No =D
15 +1

#D-t-gh)~
5-3 +2 - 4 + 1515 . 1



Big-O Properties (1): Members in a Family

Each member f(n) in O( g(n) ) is such that:
     Higest Power of f(n) <= Highest Power of g(n)

O(n) O(n²) Functions: Rates of Growth& eat

⑳Ge ->OU,is
↓ log -Onudthea

faster" all functions

functions, no would growing no

Sgrowing I inded Oct faster than1

than inf
be



Big-O Properties (2): Relating Families at least one
function

·
-

O(n) C 0(nz) plas u

.baby t
=Correst(pnSee

O(n) by n.
2

is - ·sitingto
SET T T·atleast

on

a memberbyo be

not n2S that's

& member in seember
in T



O(n) c O(n> least a function
a

at U

OrE)⑪gb. b
c

ca
O(u) fin)
2.g .

1.5 :

10

&↓ ge despite
how large

of functions (iss at of inters
.

set
to
the rig U.

b
. C.

that canbe by
i

X
no

C . 115 .4 i



0() (0(by) (O() COCn · logn) - -
.

P(n . logn)
P(m) ⑨

oclogn) · Y04 ⑨ - examples?

-



Big-O Properties (3): Deciding Correct & Accurate Bound

e. g .

fi(n) = in -2

fz(u) = 4n2 - 3n + 6
Ou

On

In-2 is order of O(n)-> most
accurate in?31+6(E) O(r)

O(us) lightesta·O(2")
all correct misleading.

ti(n) is ocus) ->cilmoreefficient ?
fz(m) is OCr) No!he ocus) is

not accuratefor fi(n)



0( in+ 4n-2)x appropraal answer

Ocris



Asymptotic Upper Bounds: Example (1)

Given f(n) = 5n² + 3n · log n + 2n + 5:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.

OO O O

(1) OCr2&(n)
2) Choose c = (5) + (3) + (2) + 151 = 25

No = I ED= 15 . I
↳ versfef T true!

51 + 3 . 1 E20
. 1 + 5015



Asymptotic Upper Bounds: Example (2)

Given f(n) = 20n³ + 10n · log n + 5:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.

(Exercise)



Asymptotic Upper Bounds: Example (3)

Given f(n) = 3 · log n + 2:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.

O O

(1) O(gn)
O2) Choose C = 131 + 121 =5)

What if do=
fy :

↓ Q5
. eg

10 = 1 -> verin
take

O

↳ fase 5 . logz(Exercise) U .
b

.
C ?



Asymptotic Upper Bounds: Example (4)

Given f(n) =       :    
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.

(Exercise)



Asymptotic Upper Bounds: Example (5)

Given f(n) = 2n + 100 · log n:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.

(Exercise)



Lecture 7 - January 28

Asymptotic Analysis of Algorithms, 
Arrays and Linked Lists

Deriving Upper Bounds from Code
Inserting into an Array
Sorting Orders



Announcements/Reminders

• Assignment 1 solution released
• splitArrayHarder: an extended version released
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Determining the Asymptotic Upper Bound (1)
approx.

-> es
. Counting # P,

i
I

O(t) = 04

= O(n9
O(1)



Determining the Asymptotic Upper Bound (2)

I n iterations

I

I

0(1 + n . 1 + 1) = 0(n + 2)
I i I (7 = 0(n)
22 13 (4226



[@- b]
↳ 6- a + 1

. integersinthe einternal

[0 , n - 1] -> (n - 1) - 0 + 1 =⑪

[3 , 99] & as
I

↓
99-3 99 - 3 +1



Determining the Asymptotic Upper Bound (3.1)
* P, gets executed
for evering combination

Pr O() of (izj)
P2 (0C)

↳ eaches
* P2 gets exer.

O(K) for every value ofI

-
Patterns of Loop Counters ~

(2s1) +> Pl exec

outeloop ..n-1
O 12 ... - 1 M its Combinations

MB02 ... n Is
= 0(n+ n + 1)!

iterations n-10 1 2 -- H - 1d its =O(42)



Determining the Asymptotic Upper Bound (3.2)

X 10,000 0(10,
000 .1)

= O(n)

XM O (IM . (M)
= 0(X. 29
= O(1)



a length blength
sintI] b , intm)

X m

0(u . m) =* (n2



Determining the Asymptotic Upper Bound (4)

0 D i

=

0 2
n

I

0(1 + n + 1 + n + 1)

= 0(n + n + 3) = O(nY



Determining the Asymptotic Upper Bound (5)

I

1 exec for each (izj)

~ Pattern of (Tzj)
# (igj) = n + (n- 1) +(-2) + ... +

= -

- (n + 1) . 4 O(uz)
II 2

#

its
01z ... n- 1on - B + n 01+Toan-P 12 - - n - 1 [Ign +3 - u+ 26

R
Z z... n - /[2 ,

n13- n=
(2
#(tjj)

"
n- 1 n- 1 [-n-1= 1

= 0(n2+ 2) = 0(n2)



Asymptotic Upper Bound: Arithmetic Sequence/Progression

i+
0 . C commodifference
T + (i + c) + (i + 2() + ... + (i + (n - 1) . C)

↓
# terms : I

start
term

Sum :

[T + (i+ ( - 1) ·C)] · n
=
Cr+Ri-c .n

2 2

↳ O(n]



Inserting into an Array

Example: 
insertAt({alan, mark, tom}, 3, jim, 0)

0 1 2a

result 0 1 2 3

Example: 
insertAt({alan, mark, tom}, 3, jim, 1)

0 1 2a

result 0 1 2 3

Exercise: insertAt({alan, mark, tom}, 3, jim, 3)

object creation : O(K)
·length

⑪ I

on
⑰ [0--1] -> [ its.

-> Worst case : 1 iterations
-

I [It'sn3 -> n - (i+1) +1- iterations

0(1 + n . ) + 1 + (n- c) . (+)
I

= O(n)

worstfoor &

~ */mark) tom
⑨ its

/mak- lan/jimI mark) tom

->
worst case for 1st for loop



Lecture 8 - January 30

Arrays and Linked Lists

Exercise: Relating Sorting Orders
Selection vs. Insertion Sorts



Announcements/Reminders

• Assignment 1 solution released
• splitArrayHarder: an extended version released
• Lecture notes template available
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Sorting Orders of Arrays

non-descending

i (index)

a[i] (value)

0 1 2 3 4

a

decreasing/descending

i (index)

a[i] (value)

0 1 2 3 4

a

0 a.length - 1i j

a

i (index)

a[i] (value)

0 1 2 3 4

a

increasing/ascending

i (index)

a[i] (value)

0 1 2 3 4

a

non-ascending

m·
aE]

> : GTi+1]
<G+ 1]

plisawed [I]

-
- - > S

non-descending -543214/2345

= (descending) depen a[t]

Y

*

aTi+1] < acc+1]

= 7(a[i] > aTi+ 1]) 0
= Ti+z]

·
= ·G[+]]

L
Z

aTiJo
= < =

= a[i] = ali + 1]
- 1223444322/



Exercise: Relating Sets of Sorted Arrays

Q. Consider the following two sets:
• S1: all arrays sorted in a non-descending order
• S2: all arrays sorted in an ascending order.
Formulate the relation between these two sets.

-

I
# -

-

S
S2C Si non-descending.

E

S2 < there's as
ascending -

> array #Sz
[Is(s)s17



Selection Sort

0 1 2 3

Keep selecting minimum from the unsorted portion 
and appending it to the end of sorted portion.

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

On-D+..D) = On a
last sel. = O(n2)

#

D

· 2# steps
? size of the ultimate sorted portion n

DecreasingCosts ofea

N
&
mind (n+ 1) .
ap

selea I n- 1
min :

n -1 2

Eas E append:

select ⑫ - 2 n2

ca steps

froma21314
atz]

to
⑪

n-1miendselect
mit

-#21314 n
fro3]253]



Insertion Sort

0 1 2 3

Keep getting 1st element from the unsorted portion 
and inserting it to the sorted portion.

0 1 2 3

0 1 2 3

0 1 2 3

O((n-) ·1 + [1 + 2 + - .. + ( -1])=

x0() steps geeft-most of unsorted (+(n-1))-( - 1)
2

# 0(u-1+
= O(n)

~

Worst case for insert
~

insert -

#41 2 III
#314/2 /(1/II,

insert Tize of max cost

step get size of sorted portion for insert

as 14 12 portion, all] I I

insert 2 GTz] 2 z

ai #21314 m 3G[3] 3 3

"
steps n-1 aIn-1 n- 1 n= 1



0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

0 1 2 3

(1) Sorted portion is maintained on

#
the right

Es order : non-ascending,
#I

#I

#

#I



Selection Sort: Deriving Asymptotic Upper Bound
a length

I
~

·Sec. according - ! to

I

(n +2) . (u- 1)

according 2

values of
I exes

values of CTs]) ↑ O(n2)
A

I z.. - n= /n-

O(() -1 + [Q+ (n- 1) + (n-7)+ -+[oaNz]
I = I 2... n -14 ↓ L3s

# 2- -- n-1 n-ztop 1628
! !

=O(n - 1 + n2) = 0(nz)
42n-12



Insertion Sort: Deriving Asymptotic Upper Bound
(Exercise)



Selection Sort in Java

0 1 2 3a

i inner loop: j from ? to ? midIndex at L6 after L6 - L8, a becomes?

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: select the next min from a[i] to a[n - 1] 
and put it to the end of the sorted region.

0 1 2 3a

0 1 2 3a

4/14/2

4/14/2

#I



Insertion Sort in Java

i current after L3 j at L8 after L8, a becomes?

0 1 2 3a

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: find out where to insert current into 
a[0] to a[i] s.t. that part of a becomes sorted.

0 1 2 3a

0 1 2 3a

0 1 2 3a

4/14/2

-

14/2
#

#



Lecture 9 - February 4

Arrays and Linked Lists

Q: Mixing Insertion & Selection Sorts
SLL: Visual Introduction & Operations
SLL in Java: Node vs. SinglyLinkedList



Announcements/Reminders

• Assignment 2 (on SLL) to be released soon
• Assignment 1 solution released
• splitArrayHarder: an extended version released
• Lecture notes template available
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



Exercise: Mixing the “Best” from both Sorts?
Recall:
• In insertion sort, costs of insertions are increasing.
• In selection sort, costs of selections are decreasing.
Idea:
• Perform insertion sort until half of the input is sorted.
• Perform selection sort to finish sorting the remaining half.
Q: Will this “new” algorithm perform better than O(n²)?

* Precondition : VisJOETcEX**JCUE inputTi] = inputtjot working
(2s(a7,

334 ,
07- -- Y E ↓insertions (3)

0cr)
#
>20s3 sH4 Working2

,0s1s4,%3)↑
(a) b) justify

(1+ Yz) - "12 (2) assumption on

↑
U

M2
2

TopIfstrector

input : insections OCT2 + ...) = 0(42)

n/2 L Ist ins. last ins
( +)-

N/2 ~

: selections O +-1) +...

+= OC' psN L Issel sel. 0(m
=
+ (2)=



Singly-Linked Lists (SLL): Visual Introduction

- A chain of connected nodes (via aliasing)
- Each node contains: 
    + reference to a data object
    + reference to the next node
- Head vs. Tail
- Accessing a position in a linear collection:

+ Array uses absolute indexing: O(1)
+ SLL uses relative positioning: O(n)

- The chain may grow or shrink dynamically.

~ U : 1st node
n

.
data == "Alan"

u next !" will~ u
. next . data == "Mark"

u next
.
nextnext. data

(e.g. Minext null

NullPointerExcep

*
fread failnext

~

data

next
,
um
- Bill

Tsan" de ↓
"Mark" "Tom"



Linear US .
Non-linear collections

↓ ↓

each posta each positionotiple Binary Tree ....
"

-
has

successors 1- 1/
successor
. left Light

ao
[[+/ I H

...I left lightleft bright
multiple successors of n

nighMano
-

-E ...



↓
Absolute Indexing of Arrays

~
OC)

G [i]
↓

startingof

the array
intering the address

ofa

address

relationing successor
unique node:~ RelativePosition last next

O(n) ↓ 8 123

e .get-Hi tIt u
worst

case:

= getclose th size itain (n)> next ref. lookt



A SLL Grows or Shrinks Dynamically

e.g., Inserting TOR/VAN/MON to the beginning/middle/end.

e.g., Removing LAX/ATL/BOS from the beginning/middle/end.

S

E
n cassumed to be the input)

Swapand ? V

Bread=+X + 2 T *Aptaail next
&

D ② t .next-head n & .

next =

X

n .

next D
t-> TOT Xinull

~- NAN Anull
m->

HON -> null
Sh

X temp, next= full

Temp-head
temp ② temp-nullIprev (4)(toremoveext : no 2

X X X

Yz Exercise
sl

next Given last②head = head .
next o prevnex text per: next remove node.



Runtime

Implementing SLL in Java: SinglyLinkedList vs. Node

S

-

-> SL
-

l head #
nell

l .head ↳R
->

recursive type S
Node

"

...

E
~

next.
2-
N

& I
ref. of
some
nocht



Lecture 10 - February 6

Arrays and Linked Lists

SLL: List Constructions
SLL: getSize and getTail
Trading Space for Time: tail and size



Announcements/Reminders

• Assignment 2 (on SLL) released
+ Required studies: Generics in Java (Slides 33 — 36)
+ Recommended studies: extra SLL problems

• Assignment 1 solution released
• splitArrayHarder: an extended version released
• Lecture notes template available
• Office Hours: 3pm to 4pm, Mon/Tue/Wed/Thu
• Contact Information of TAs on common eClass site



SLL: Constructing a Chain of Nodes

Approach 1

Alan -> Mark -> Tom

- alad

mark mark
↓ - tomark tom

X

alan
↳ Node "Alan"
t -

t = tom's n.

mark .

nex

& - Node V "Mark"

& &E mark-> 2 .

-

& &P N . T

Aliasing 1
. tom

alan ,

next mark
tom
- Node "To

&
.

-

z. mark.next 3.

alannextnext U
. -null



Approach 1

-

variable

Alan -> "Mark - Tom unknown)
-Node alan = now Node ("Alan", lu ;

Node It = n Node ("Mark", tom) ;
Node tom = ne Node ("Tom's null);



SLL: Constructing a Chain of Nodes

Approach 2

Node alan ;

to Node ...

2 .
T

X
+Ms - mark n .

-> will
alan

d Node ... /2

2 .
T

-

n . * null

7
~

& maNode-
T

alan
, next= marks n.null

mak next = tom ;



Node alan = new Node ("Alan's ( ;

S
alan -> ecode"Alan" ne Node ("Mark" (N -

-
Node "Mark"
e .

-
ner Node ("Tom"

,
null)

Eit/

wonderella



Node alan = new Node ("Alan's ( ;

S
alan -> Node "Alan"

ne Node ("Mark" (e .

-

N -

-

mark -Mode>
"Mark"

ner Node ("Tom"
,
null)

Node mark =

alan
. nexts "W/

wonderella



Approach 1

SLL: Setting a List’s Head to a Chain of Nodes

glant mul

danmark for

Node "Alan Node "Mark" Node "Tom"
7 11C. C. C.

N N N null

& E



default const.

Empty SL SLL list) = n IEE;
SLL list] = mull ;

I
head -> null

existintif.
hain of

cempty C

nodes

null
-
-

nonexisting.



Approach 2

SLL: Setting a List’s Head to a Chain of Nodes

listeninmudan mark tom

Node "faiNode "Mark Node "Tom"
111C. C.

N N N null
list .

SetHead (null) ->
clearingu list list .

setHead(tom)
↳ compiles and was
but potentially

logical errors



Trace: list.getSize()
current  current != null  End of Iteration size

SLL Operation: Counting the Number of Nodes current

X

current

Acurrent *↳
well

v

size *
z --Y 3

- a SLL method 0(1) # iterations

-> loopouterrent =
=
nu) =des

= S

alan alan: will current == mark I->> - ~

---> T-
mark mark : full current-tom 2

tom tom != null current == null 3

Ocn . 1) = On will nulli =null

#it. 25 >
26 #



Trace: list.getTail()
current  current != null  End of Iteration tail

SLL Operation: Finding the Tail of the List
Exercise : Use "current" only to implement gett. Current is always one-node ahead of tail.

currentEnte↓ A Ent
Hull

tall
T W

3rd iteration

8

# iterations =Size of list O(n)
0(n .D325246 = O(n)



SLL: Trading Space for Time wastemorspo subsequecape

tail
Still 3-Watch For methods that
SLL class

SLL list = new SLLC) : might impact
↳ head : head

,
tail

,
or sizt of

attributes↳ tail
attribute list. tail O()

the SLL
,

↓cost ↳ size access list
.
Size

bodies of imp.
morepast Hi loopsatt

must update
lesscostmuningto

I turning to
access

them property.



Tutorial

Recursion Problem: splitArrayHarder

Coding in Java
Tracing
Exercises



Problem on Recursion
A useful extension to the original `splitArray` problem:

+ Return an ArrayList of size 2: 
+ If a split of equal sums (assumed to be unique) is possible:
 * index 0 of the returned list stores ArrayList of integers representing group 1.
 * index 1 of the returned list stores ArrayList of integers representing group 2.
+ If a split is not possible, both indices store empty lists.

e.g., splitArrayHarder({2, 2}) → <<2>, <2>>
e.g., splitArrayHarder({2, 3}) → <<>, <>>
e.g., splitArrayHarder({5, 2, 3}) → <<5>, <2, 3>>
e.g., splitArrayHarder({5, 2, 2}) → <<>, <>>

https://www.eecs.yorku.ca/~wangcw/teaching/lectures/
2025/W/EECS2101/exercises/EECS2101-W25-
Problem-Recursion-splitArray-Spec.pdf



splitArrayHarder: Java Implementation callbut only modifieease case

87 g2
either of them modified in

every recursive
call (non-base case



splitArrayHarder: Tracing

sAH({5, 2, 3}, 0, …)

sAH({5, 2, 3}, 1, …) sAH({5, 2, 3}, 1, …)

sAH({5, 2, 3}, 2, …) sAH({5, 2, 3}, 2, …) sAH({5, 2, 3}, 2, …) sAH({5, 2, 3}, 2, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

sAH({5, 2, 3}, 3, …)

Exercise : Trace in Eclipse

output:
(74)

(5)

<(57y(2<3)

bypassedaas a5 : g
-

50

1522:9 -> output is < > already set.51572)2

3:91 5 :9183333 :92

↓ 7(5327233
3 :

g
after this

,
"output remains empty

~257(2335after this , output+



Lecture 11 - February 11

Arrays and Linked Lists

SLL: removeFirst, addLast
SLL: getNodeAt, insertAt



Announcements/Reminders

• ProgTest1 guide & example questions to be released
• splitArrayHarder: solution and tutorial video released
• Assignment 2 (on SLL) released
+ Required studies: Generics in Java (Slides 33 — 36)
+ Recommended studies: extra SLL problems

• Assignment 1 solution released
• Lecture notes template, Office Hours, TA Contact



SLL Operation: Inserting to the Front of the List

Q. Does tail or size need to be updated?

O()

T
~

->> > --
-> --

~ E list.Still= =0
X

X ~
-

~ whatifeagSetT
-> -> -

-

FullNode "AlanMalaSLL Xe.

->

list -> h- -
↳ C. Node "Tom"

to -similX
1

GeNi ->null



SLL Operation (sketch): Removing the First Node

void removeFirst()

Boundary Cases?

size

tail

General Cases? OCK
↳Sizt, Z

: none of the
↳ size = = 0 -> Exception

D>, ⑪ operations
↳ Size == 1 -> result: empty depends on

[L) list the # nodes
* null

temp in the chain

&
-

&

1 -



SLL Operation (sketch): Adding a Last Node

void addLast(String e)

Boundary Cases?

size

tail

General Cases?
·I &

OC)
↳Size

O
.

D
,
D. O↳m

assignments
Noden

.

* all are variable

"



Trace: list.getNodeAt(2)
current   index  index < 2  Start of Iteration

SLL Operation: Accessing the Middle of the List

Q. Does tail or size need to be updated?

size

tail

A current always references the node stored at index "index" O(i)
=O(n- 1)

currentletex :** currentcurrent ↓ = P(n)

&

3
an) ·

O I
·

2 # iterations

* to access the Ind (nz)
X

T= = 2
.

·
last node : getNodeAt O-T-list.Size-

f- Z

exit
index 0- I

A- -
wherindex==[

alan O Ist : current alan-Y 02Y
&- markI- mark I < 2 Ind :

index 1- z
- current mark ->

tom
tom 2 It

No ! exit



Idea of Inserting a Node at index i

Case: addAt(i, e), where 0 < i ≤ size

add the as
new

node
nodlvoid onlygiventhSant== OFirst i=

= Size-

the
last

~
D

node ref
getwodeti (after

insertion
-
↓
- it God stified to the

metgeodet
~

I-1 useless - input. light byoanyon
- -> -...

↳ * & nonext = prev-next

fer insertion)

ownext.I I (a-Node1
N .

l >
"
...

"



SLL Operation: Inserting to the Middle of the List

size

tail

Q. Does tail or size need to be updated?

->"Sayeon" modeBeforeNode

smull ↓
W
% ①

·

z

&
&

-
~ 2- 10(n)

&



Lecture 12 - February 13

Arrays and Linked Lists

DLL: Introduction
DLL in Java: Node vs. Doubly-Linked Lists
DLL in Java: addBetween, remove



Announcements/Reminders

• ProgTest1 guide & example questions released
• In-person Office Hours during RW to be announced
• splitArrayHarder: solution and tutorial video released
• Assignment 2 (on SLL) released
+ Required studies: Generics in Java (Slides 33 — 36)
+ Recommended studies: extra SLL problems

• Assignment 1 solution released
• Lecture notes template, TA Contact



SLL Operation: Inserting to the Middle of the List

size

tail

Q. Does tail or size need to be updated?

Node "Sureon" nodeBefore

smull ↓
* 5

-

0 If ·*3W

&
o

*
X-

newNode- SAn) ode"

-
~ 2- 10(n)

&
& D

⑬



SLL Operation: Removing the End of the List

Q. Does tail or size need to be updated?

und lastnode

&

bosecond
lastNode

· ⑪
size * Z
tall 1X&

T X
③

D(n)

-X

X
O(n)3

4



Exercises: insertAfter vs. insertBefore

Case: insertAfter(Node n, String e)

Case: insertBefore(Node n, String e)

& O(I)

exit whenrentnexta N n .

next
V v

->whileretnee ↳ J
~

as
...

1
...

"

C. N.

3 *
nell

D
T computing previode sh ↳ O(n) ↳ insertbeforethe

toa b

·

... -...

de
-

>

S ~
-*null

1
...

"

-



Running Time: Arrays vs. Singly-Linked Lists

0 1 2
a “Alan” “Mark” “Tom”

> array :

ata. length
-13 Om

Bed
ma Om to

-
a ama compute

Om node



Doubly-Linked Lists (DLL): Visual Introduction

- A chain of bi-directionally connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
    + reference to the previous node
- A DLL is also a SLL: 

+ many methods implemented the same way
    + some method implemented more efficiently
- Each DLL stores dedicated Header & Trailer Nodes 
  (no head refeference and no tail reference)
- The chain may grow or shrink dynamically.
- Accessing a node in a DLL (via next or prev):
    + Relative positioning: O(n)

SIN next
>

als.

↓
DLN s next

elf
.

"prev. I



Empty Lists: SLLs vs. DLLs

Empty SLL Empty DLL
> DLL

list)-mad well
header

tail -> null list] trailer
Size P nul

sizeO next
>

L -

I .

mull per



DLLs: Relative Positioning
contents

of DL

header trailer

--
-
⑧

next
n-z -n+1 ~

null

~I
2

Full M ! T

prev
T Tul

header
.
Onext : first node worst casee middle

around +
trailer.per : last node O(E)

=
O(u)



↑
list anode

Whif DLL/DLN ?

1
. performance (e .g .

removelast)

↳ prev ref. for DLN

2 . Code structure don'tneed teciti.

↳ header
,
trailer for DLL



Generic DLL in Java: DoublyLinkedList vs. Node
Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

->

e -
list LDLLCS >

Size O

header null
->

&
trailer 7 -nell

2 D X

trailer= new D L

->nullNode>Cull
,
will

,
null, -Xnull

trailer
. set Prevcheader)= ↓

null



Generic DLL in Java: Inserting between Nodes

Node<E>
element
next

prev

Node<E>
element
next

prev

pred
succ

Node<E>
element
next

prev

e

Assumption: pred and succ are directly connected.

Node<E>
element
next

prev

&
assumptions : prodnext == succ &A succ.prev==pred

-

- -

x

-

j
-

-

X
1 ~ 1

X =
un



Generic DLL in Java: Inserting to the Front/End

Node<String>
element
next

prev

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<E>
element
next

prev

pred. SUC.

-> z

pred. Such

Exercises
O

- SUCC.

↓
/ pred ↓

-
null "Mark"

null

- - 7
T

null X null
I [



Generic DLL in Java: Inserting to the Middle
Node<String>
element
next

prev

Notes. 
 + getNodeAt(-1) returns the header
 + getNodeAt(size) returns the trailer

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Ous

exercise.

O

-
null ul

null null



Generic DLL in Java: Removing a Node

Node<E>
element
next

prev

Assumption: node exists in some DLL.
Node<E>

element
next

prev

Node<E>
element
next

prev

node

↓

v-

if pred...... Asus
-

... XX -

-

X X
-

-



Generic DLL in Java: Removing from the Front/End

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

( :

exersist

-> fired↓
node I see
S
X

+
X X

-



Generic DLL in Java: Removing from the Middle

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Tom Alan Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Mark

Exercises

-



Lecture 13 - February 25

General Trees

Linear vs. Non-Linear Structures
General Trees: Terminology
Generic TreeNode in Java



Announcements/Reminders

• Survey on Makeup Lecture for ProgTest1
• Assignment 3 (on linked Trees) to be released
• WrittenTest guide to be released
• This week’s office hour: 3pm, Wed



Running Time: Arrays vs. SLL vs. DLL

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

see earlierdiscussion

man O(K)
Omeg

11/11/1/1! "///116,

a
ma 0(r)

-



Trees

1. General Trees

a 2 . Binary Trees (BTs)
b 3

. Binari Search Trees (BSTs)
4. Balanced BSTs

C
5. Priority Queues

6
. Heap
1

. Heap Sort



Linear vs. Non-Linear Structures

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

Index of Index ofuniGuf

usingnextnight pred. unique succ.

:
T i+1

-

T -
↓

unique
Lo root successor

W----gress -- multiple "successors" of4 IIIIIII IIIIIII hierarchical> uniqueped. -> structure the root
LI W W W IIIIIII

Clevels) ↓

L3 W W W IIIIIII in programming theare so.



- root
- parent
- children
- ancestors
- descendants
- siblings

General Trees: Terminology (1)
rootofthee

a

curigeonly null"
W

has parent).

Tavent
of

S
,
V > P

~ ~ ~ children

↓
winen theses nodes

of Elsa

nodes

aresidlingasame level.



uniquevent
↑ I is unight

lancestor path-
of Shirley

Is it,
Elsa s Chris,

IEad(
root

node Descendants A node is both its
Vanessa Vanessa

ancestor and descendant.
Elsa Elsas Sa V > P
David all modes in the tree.



- subtree

General Trees: Terminology (2)

largestsubteroot
absolute

is theFotthere

subtree,
rooteda

- thesmalletoa



Ioniand)-> S
1 =b Problem :

I strnodes Given a nodes
# descend-

CountErnest I ↳ subtree return the size of ants

count
the size

base case ineda s child subtree rooted at M.
-·subt McElsa)

&
↳ 4 countteal Count(Pavid) = S

count(s) D
Count (v)

I Count (Chris) =b

count (Shirky) =
↳ ↳D Count(p)

& ↳DI
- subtrees are the subproblems for you to make recursive

calls on.



How
many subtrees
in total ?

-

8 = # nodes in
the tree.

- Size # subtrees

I 5

~ V ~

i
g ored

at Pard.



- external nodes
- internal nodes

General Trees: Terminology (3)

Finode-res
ISattern

nodes cleaves)-> base cases



- edge
- path
- depth
- height

General Trees: Terminology (4)

CardsErnesto
C .

↳
path (vs E

,
C

> D)



d=0

d= 1

d=z

d = 3

depth of a mode? # edges (parent links) from 1 to root.

height of a tree :

max depth of descendants of itscoot.



d= = Height of tree rooted at David :

d= 1 d= 1 3

d=Z d= z

d =3 d=3 d=3

Height of tree rooted at Elsa :

D
.

d=0

d = 1 d = 1 d= 1



Lecture 14 - March 4

General Trees, Binary Trees

Initializing a Generic Array
Recursive Definitions of (Binary) Trees
Trees in Java: Construction, Depth



Announcements/Reminders

• ProgTest1 results to be released by Friday, Mar 14
• Makeup Lecture (on ADTs, Stacks) posted 
• Assignment 3 (on linked Trees) released
• WrittenTest guide and example questions to be release
• Lecture notes template, Office Hours, TA Contact



General Trees: Recursive Definition

- root
- size

Case 1 : A singletor tree
implementatia

root->;

Case 0 : Emptyf Tree childrenFeea
↑
roo

will Case 2 : i, I nodes

MAX-1

size ==
0 not-P ...

TreeNodeT] ↓
-> subtree

rootedSubatindl



General Trees: Ordered vs. Unordered Trees
~

-> there'sear , logical ordernode's
e.g. ArrayList between ad nodes

no
ordering.

2.g-- ArrayList,
HashSet

red
*

↳ tree



Generic, General Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

TN<S>
parent
element
children

n. n0can.
children

. lengthchildren. length = = 10

n
. 10) = = 0 MX

2

~ 1

>
"Alan'

&

Se a
-

↳ ↳
171



Instantiating Generic Structures in Java
class ArrayStack<E> {
  private E[] data;
  …
  public ArrayStack<E>() {
    
  }
}

class TreeNode<E> {
  private TreeNode<E>[] children;
  …
  public TreeNode<E>() {
    
  }
}

xS

-
data* ELIo] ;

data*(ETS) new Object [0] :
Asg > s = uAS>() :

S . push (23) ;X
S . push ("alan"); S

Tass -- wrappedwithin theNode

children ST: String-2 (INcEs[])
DT : String .

↓ RT: Objecti] new object[] ;
children= (TNET])Array : newInstance (this get Class() - 10) ;



Tracing: Constructing a Tree

TN<S>
parent
element
children

TN<S>
parent
element
children

TN<S>
parent
element
children

&

agar
unaelsa

>
agnarr, A

-

not == -> "Agnarr"

& =B
nu/f
X

elsaa -> "Ann'

↳
-

Anna. u0C = = 0



Tracing: Computing a Node’s Depth

depth(vanessa)

feed(w's parent)

*8depth oa A
-> ⑦ D

d(v)

↳
. gett ! = null

=D + depth (Elsa)
↳.gett !: Full

&.
= 1 + 1 + depth (Chris)
= 1 + 1 + 1 + 7th (Mavid)del

O
= 3



Binary Trees: Recursive Definition

- root
- size Cast 2 : I nodes

root

Case 0 : Empty Tree leftright
Case 1 : Singleton Tree DD

left subtree
-> rightsubtree

cST



Deriving the Sum of a Geometric Sequence

Initial Term: I
Common Factor: r
Number of Terms: k

10

2
20

1 + 2 + 4 + f + 16 + - .. + 1024
-
* 2 * Z k = 1)

I . jo

Sk = I + 1 . r + I . v + 1 . B + ... + 1 .
-k+

v . Sk = 1 . r + I . c + [ . r + - .. + I .v+ Ir

r . Sk-Sk = (r-1) . S = I . r - I = I .(v
Sk=) For BT: v= I =D

Sk =
1 : (2) - 1)
=Diz - 1



Lecture 15 - March 6

Binary Trees

Binary Trees: Math Properties
Tree Traversals



Announcements/Reminders

• Assignment 3 (on linked Trees) released
• WrittenTest 
+ guide released
+ example questions to be release

• Makeup Lecture (on ADTs, Stacks) posted 
• Lecture notes template, Office Hours, TA Contact



Tracing: Computing a Tree’s Height

height(chris)

↳ noc



BT Terminology: LST vs. RST

Strategy of Recursion on BT:
+ Do something on root
+ Recur on LST
+ Recur on RST

e.g., 
+ counting size



BT Terminology: LST vs. RST

Strategy of Recursion on BT:
+ Do something on root
+ Recur on LST
+ Recur on RST

e.g., 
+ searching item

ech
n-

-A not "G"
equal

search search

o LST

of A A

- tree
node

search (1 , edatae
D if (n . element

· equals (e)
Oif (n right = nulk 3

return trut :

3
return search (n . right ,e) =

& if (n . left ! = nulk &

① return fast :In is external
,
nelement/y return search (n . left

, e) :



BT Terminology: Depths, Levels, Max # of Nodes height
.

Sk =F BT:/
BT Structure Level ?? Max # nodes atLevel ?

#Preachto
root O

Exersist
/ = 20

I of
nodes

ma I Maxwez
2 4 = 2

&. Max # of nodes in a BT with height h?

Th 292+2+ - .. +2+ 2= 2+1)
4- 1

n - 1 24
h 2

-



BT Terminology: Complete vs. Full BTs

h - 2

h = 3 h = 3

h - 1
h h

Min # nodes?
Max # nodes?

Min # nodes?
Max # nodes?

Sk = 2)=

d=0
Eh-2

d=1

·
nodes d=2n- 1

n -> left child d=3 h

·childree in h

....... D (2 - 2)
+ +

-

T = 2 D- --- O
y(2+2+ - - + 2+

) + 1
D A(2+2+--

- + 2+ ) + 2n+ 2+ 2+ -. . + 24
2 - 1



Complete BT US .
Full BT

-

- -

- h
-

- -
-- -

- o -. -
- &

↳
It nodes at level h

: z
In



-

h

-D
not complete BT anymore

!



BT Properties: Bounding # of Nodes

For example, say h = 3

Minimum # of nodes Maximum # of nodes

-> maxdepth 282+ .. -+
iS

= 2+-

-
h.The root. -000



BT Properties: Bounding Height of Tree

For example, say n = 7

Minimum height Maximum height

by zx =X

ma (7+1) - 1 =1)

7moden height ↑

fu = 2n+-

h+ 1
9 n+ 1 = 2n+ 1

h= Ry(n)app=·



General Tree Traversals: Pre-Order vs. Post-Order

Pre-Order Traversal 
from the Root

Post-Order Traversal 
from the Root

-

DavidErnesto Chris Elsa
S Vana ErnestoS- YFEka Arna Chris David

poltunal polElsa) polEnna)

po(Chris) poSE) polchris)



Binary Tree Traversals
Pre-Order Traversal

Post-Order Traversal

In-Order Traversal

&

- /A + 313 + - 952 + A3 - 746

31 + 3 * 95 - 2 + 1374-6 + -



Review Q & A - Mar. 10

Written Test

Asymptotic Analysis
Instantiating Generics



-
~

&
~

- X worstcaa, is
never

found

, & 0 O &
- iterations

=

⑤

Di
D

1D
->names.length

M

⑤ OO
...

-↓

012450 I 6.
names -> """B"1"C'1"D'l "E"

TT + TT I ② I

② (n+ 1) . 4
~# iterations :U

# times while coud
, is evaluated : n + 1 1 + 1 + (4n +4) +b

F
S

= 10n + 6





al length == n az length = = m

boolean contentsMatch (intI] al
,
intI] az) <

d .
m

for (int T = 0 : i< Clength ; it + ] &

for(int j = 0 ; j< a 2 lengths j ++)

m . u . 1) 3
1/ check to see if azij] == all] @

O(u .
m . 1 + 3

-Sen for (intc = 0=< 92. length : it + )
for(int j = 0 ; JC al. lengths j ++)

3 3
3
1/ check to see if alij] == GIE] O()

al 1121al 1 121314) trut
azlety

(false
az 2/11413

Sl = S2/ESiS2xS2? Si



~ highest power 1 GI
- -

-

fenz
Port

choose ( = 151 + 13) + 12) + 151 = 15

Et

Verify : f(l -
> c. g()

5. F + 3 . 1 :%y1 + 2 . 1 + 5

12
#
[ 15 . F = 15



IS B BS I
I 1/ 1/ I

EY,BS , obj B/ is obj2
B/

It T S B
/

X
wid does not compile

*
sid
~

= -
XS XI

X
==



current
T input-TEA--

& ~ n2

n).setNext (2) ; ↓ null

n2 = n1j -Enull



Lecture 16 - March 11

Binary Trees, Binary Search

Bounding Internal vs. External Nodes
Proper Binary Trees
Binary Search: Ideas, Java



Announcements/Reminders

• Assignment 3 (on linked Trees) released
• WrittenTest guide & example questions released
• WrittenTest review session materials posted
• Makeup Lecture (on ADTs, Stacks) posted 
• Lecture notes template, Office Hours, TA Contact



For example, say h = 3

BT Properties: Bounding # of External Nodes

Minimum # of 
External Nodes

Maximum # of 
External Nodes

~
-

>maxot both
e

oot.

# into nodes -

- ph- fulld= o U BT

int rodes h
P

-11/11
P node P h

E ext . -

Electi 2

d= 3



For example, say h = 3

BT Properties: Bounding # of Internal Nodes

Minimum # of 
Internal Nodes

Maximum # of 
Internal Nodes

Sk = z"- 1

&
2 2 + - ..+ 2=

o
2 -
I

h

i R
-

-

-

o R 2- 1 = 7·
-



BT Properties: Relating #s of Ext. and Int. Nodes
Induction on Size of Proper BT

↑

beforeI =
Y UE

after ext

~

O Base Case : Singleto ProperBT
~

~ ~ = NE) popay
U

Y UEL HE # ② Inductive Hypothesis (1.S.) :

2

E(UI+1)+ 1 For a proper BT of size > 1 : HE=I +1
S MI + 1 ③ Given a proper BT ,

extend it bynnX ,%
CHE== - 1 + 2 = He + 1 choosing the right-most ext. node

and converting it to an
(2)H = Hi +Y 1112 into node with child

/show : NE=I+ 1
*Y

nodes X andY.



Applications of Binary Trees: Infix Notation

Q. Is the binary tree necessarily proper?

Ext. nodes :
numerical constants

bigcalInt .

modes. :

evations.
op

BTs

Exproper
*

/

~ 14
ESETI



Binary Tree Traversals
Pre-Order Traversal

Post-Order Traversal

In-Order Traversal

&

- /A + 313 + - 952 + A3 - 746

~
-

3 + 1 * 3/9 -5 + 2 - 3x 7 - 4 + 6

31 + 3 * 95 - 2 + 1374-6 + -



Binary Search: Ideas

Precondition: Array sorted in non-descending order

a

a.len
gth 

- 1

(a.len
gth 

- 1)/
2

0

Search: Does key k exist in array a?

--

initial kaWfk existmust be theGre potford.
search(n) 1Vs to

the
a
dictionary

space be
N

I

/
↳ (middle values

Size of Ok Y
SearchSpace

1N

E comparisons & Access the middle of search space OW W ~

logu ② Compare K against V :
=>

F (worst k = = y -> found
case) - Recur on the left

zv-

-> Reaur on the right.



Binary Search in Java

sorted
from middle to

base

recursive
casts.

k== m .Y .

-when KCM.Wint .

When K min

#um.



Lecture 17 - March 18

Binary Search, Merge Sort

Binary Search: Tracing, Running Time
MergeSort: Ideas, Java, Tracing



Announcements/Reminders

• Assignment 3 (on linked Trees) solution released
• WrittenTest and ProgTest1 results & feedback released
• ProgTest2 guide & example questions to be released
• Makeup Lecture (on Queues) posted 
• Lecture notes template, Office Hours, TA Contact



search(a,18)

binarySearchH(a,0,8,18)

binarySearchH(a,5,8,18)

binarySearchH(a,5,5,18)

search(a,7)

binarySearchH(a,0,8,7)

binarySearchH(a,0,3,7)

binarySearchH(a,2,3,7)

binarySearchH(a,2,1,7)

Binary Search: Tracing

0 1 2 3 4 65 7 8
272421181512963a

0 1 2 3 4 65 7 8
272421181512963ainitia a space

kenf
z

=4 I

1m5

187= I

I ge
I

F

Ithe m I
Exercise

I
I

18421
a[5] ==1849045 :

6- 1)



Binary Search: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

sorted
from middle to

n T(n)=

T(0) =

+(1)
= 1

T 0(1) / assume) !
Tcn)

assume :

T()+ 1TE)
4/2

/2 ~/z Throug:
"if-elseifs.

# (in) = T)+Tes+



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = T(n/2) + 1

Assume without loss of generality:

n= for X, 0

~ Warm-up : T(E) =T() + 1 = T() +
T() = T(z), + 1

+
1==

=( + k +1
n = S

zlogn=
Don!

~ rotmanif? logt by
=[(D) + 1 + 1 + -. - + 1

= 1 + kyn . ) = by



Merge Sort: Ideas

list

list.s
ize()

 - 1

list
.si
ze
()/
2

0 list
.si
ze
()/
2 
- 1

~

1 Each recursive call :
" vseit 1/2-L R

1· split (n->*E
s

sort recursively O() E +E. *,
" sorted

sort ( S YortL(o>
2-1)L R

results are two sorted lists
?

Merge11 -> 2.4/2 v 1/2
-

L
-

R
I 2

,
2 - 4s

I

umarge "
-

N
& Y,* +*

* - * - 1



Merge Sort in Java

merge

8524 6345
0

left

right 9617 5031

1 2 3

0 1 2 3

Total # iterations for merge
: (L . Size E)+ (R.Size))

RT for marge: A Exhaust either C or R =

c
. STEOC1. (L. Stit + R.size)

+ e .g. I is exhausted +
base casts

O(n) R. STIf
S

↓ it j iterations so far.
-

DC.

size

O(1) ** Append remaining
elements from R

17 d
I F.

Size -J iteration
,

- OC.
size+ Rsize)exhaust

***
->
exit : is, L. Size 11 j), R. size

Precondition : *

-*** ↓ 2 and resorted O(1)
-

& **T oks
-

T -

elements
1724314550638596 append the remaining housted

from the unex list.



Merge Sort: Tracing
split
merge

->

->

172431455063 85 ab

A

24455385m . 17315096 Esten .
85246345 1731 96 50

M
.

1731
m.

50 96

34 634561731 ab 5

(m. 11/1/
8524634517319650



Lecture 18 - March 20

Merge Sort, Quick Sort, BST

MergeSort: Recurrence Relation
QuickSort: Ideas, Java, RT



Announcements/Reminders

• ProgTest2 info & example questions released
• Assignment 3 (on linked Trees) solution released
• WrittenTest and ProgTest1 results & feedback released
• Makeup Lecture (on Queues) posted 
• Lecture notes template, Office Hours, TA Contact



Merge Sort: Tracing
split
merge

->

-> # of levels
Emerge 172431455063 85 ab

of splits
at (to reach

eache) :

A 8 singletonlist)-

S 24455385m . 1731 5096 I ↓

(n) 85 246345 1731 96 50 ! Rogu
M

.

1731
m.

50 9683856945173 ab 5
(d)

(m. 11/1/
S 8524634517319650

--s

(n)



Merge Sort: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

-> T(0) = 1

-> T(k = /
OD)

Tur) assume: TCE)assume :O(T(E) I

I

- Fest & 2. TE) + C

↓ splits
# lockEs

↳ R

My N/z costoageeach level



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = 2 · T(n/2) + n

-4
~

Warm-up : TC) = 2 .T()+

T(n) = 2 . T(E) + M
z 2

I

= 2 . (2.) +=) + M [4 · T()2+ 2n]
22 2

= 2 . (2 .)+G + E) + n[8 .T() + En]
3 n)3 2 O(n . Rog

"I I==T n + bgn .n

= 2
% Th) + Pr = 2bg1 + byn -n =



Quick Sort: Ideas

list

list
.si
ze
() 
- 1

0

- crycloseoof data points
spread out

->higher, skewed evenly
- pivot selection ideally , tmedian) arg data.

- n
-

artition sor()
se=Pconcatenation * Tartition

median of
medians --- -

= alwiedan)< (2) 'IIII 7 CT)

algorithmRedaas -"v refur andIn
-
"z

L

Sort r ('IIII Sort ( R(

- ~
resultsare sh and Sth

sh -14 SR

ismerginga%
~

concatenation
IIII,

1



Quick Sort in Java

list 85 24 63 45 17 31 96 50

left

right

Median of medians algo . On

↳ as opposed
T(n) Sort and

selstddle
P(I)

linear scalput list->
of the

↳It
ta

is necessary
: O(n)

concat. partition
OCK

i

ODDDDDD pivot

lefis <50 24451731

rightsorted 856396



Quick Sort: Tracing
split
concatenate

->-partition
->

172431455063 05 96

Pivot
250177243145 638596 <50

24451731 50 8563 9b

13124 <35 cabys 85 >Ab
177

24 173145 8563 96
T M

<M M < 117 163 63 >63

D ⑰ - 85



Running Time as a 
Recurrence Relation

Quick Sort: Worst-Case Running Time

T(0) = 
T(1) =
T(n) =

median
04 bad pivot median

-

O(n) ( lleft) (right
-> T(n) TCK)

OD) I

I partition.
n-

Yatitra7 5 3 d(l) dn) - T() +1

↓ I 97753 Siz9S of 2

n partition Etecise ↓
O(n) --

1977E1975 great Rino- a s much tha other19



Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

Quick Sort: Best-Case Running Time

pivota median

0(n) (
I I

0()( !
2. TE)+1

⑭ PE) OEl Isizes of

partition

# Exercise



Review Q & A - Mar. 21

Programming Test 2

Assignment 3 Solution



Generic Classes
TN<I

"E # ↓
head.getE

↳ TNEE head.

getEls.
getEs)

YINEs



B ↳
-

4669
S 1

LLCTN<IX SLLCTNC[x
N

.

-> N
.

=>Mul

AS starter C
.

C
.

↳ tests

↳ TestsTrees. java ↳t t



Task 2 : Stats (Sum of values
-
#des.

Task 1 Rank
() N E on

task) (TNU
,
int Is int j) inful

->

(1) on i on
↓ 074g2

TI T2

(Sun) #des)

(a) v
preorderost-orderersal. (a) travesty

Sc(Node chain and when each node

1TF) ----->/ is added , insert it output
=

s.t. the result chain of
b, sort the traversal result nodes remains sorted.

↳ e .g. insertion sort b
or selection sort y

@s extrast nodes from indices [to J

.



Lecture 19 - March 27

Binary Search Trees

BST: Search Property
BST: Sorting Property
BST: Constructing BST Nodes



Announcements/Reminders

• Assignment 4 (on linked Trees) released
• Makeup Lecture to be posted 
• Lecture notes template, Office Hours, TA Contact



- external node
- internal node
+ LST
+ RST

Binary Search Trees: Recursive Definition
Search Propaty : should hold recursively

on the roof

of every subtuse

entrif

for
searching ↑ P data value
- -> ma

↳↳plicates contacreplicates
LST -> FrodE(STP) RST

=keyonep En :
nERST(p)
-> => keyin) 7

ken(p)



Is a Singleton BT a BST? Ex· fake = 4(x)
Pt

into mode
zero of E : The

x
-

L z Search Propertya
E
F It En : n = CST(p)The

des ST RST fake keysu) < key(p)-

↓ ↑ P
= header/trailerina

↳ not improve
En : n = RST(p) O

The

↳ does falseperformance). key(n) > keysp)I



- BST: Non-Linear Structure
- In-Order Traversal

Binary Search Trees: Sorting Property

↑

[↑itis
i.0.
t

.
(CST) p T. O.t(RST)

sorted
Given a BT that's a BST :- of aiys in LST
(1) search property sat . (recursively)
2/ in-order traversal (To.

t .) :

E
la VC

T.
O

.

t . (p)
↳ T.

O.
t . (lC)

↳ P
↳ [ .

0
.

t
.

(rC)



Building Sorted Seq. from In-Order Traversal on BST

non-linear,
-> hierarchical

structure

~ concatisort !

linearized
version of

the

I
.

O
.

T

. tree

81721282932445465768082889397



Exercise: Checking the Search Property (1)
Remember: For a BT to be a BST, the Search Property 
should hold recursively on the root of each subtree.

In-Order: <8, 17, 21, 28, 29, 32, 44, 54, 65, 76, 80, 82, 88, 93, 97>

Tot producsuccessorpredecessa ok !

65169480

69
X

- successa To.

t.



Exercise: Checking the Search Property (2)
Remember: For a BT to be a BST, the Search Property 
should hold recursively on the root of each subtree.

In-Order: <8, 17, 21, 28, 29, 32, 44, 54, 65, 76, 80, 82, 88, 93, 97>X

pred. F83 SuCC.

5483
83 8376 false
X

↓

pedofa -> succ.

t .



Visual Summary: In-Order Traversal on BST

BST -P

IC V
mich ma

ul la n2 pn3 us 14

S ↳
Smallest key

largest key thateg(p)LST RST
that is

ul 42

n3 unckey(p)



Generic, Binary Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

unique predecessor
N

( Entrif
↓ El
res value1 "alan

ext. node

lefef Light
it. node.

non-unique
successors

↳ non-linear



Generic, Binary Tree Nodes - Traversal

E Not
left↓ right
·

25T RST



Tracing: Constructing and Traversing a BST

parent
key value
left right

parent
key value
left right

parent
key value
left right

&

(28, "Can")

- - (21s "mark) (35- "Com"
- -

-

-

-

--

E Ex
-

- /his
"alans

n21 28 >

↳ ↓ Xa
35

T

-

I 2) 55

u
-

, ete etse
I sorted in-order seg.



Lecture 20 - April 1

Binary Search Trees, Balanced BSTs

BST: Searching, Insertion
Hight Balance Property
Priority Queue: Introduction



Announcements/Reminders

• Assignment 4 (on linked Trees) released
• Makeup Lecture (for ProgTest2) to be posted
• Bonus opportunity: Final Course Evaluation
• Office hours 3pm Tue/Wed/Thu this week
• Lecture notes template, Office Hours, TA Contact



BST Operation: Searching a Key

Search key 65

Search key 68

* 10 .t..
"

54 65 let 16 so 82 --

O successful

** for a subsequentkey insertion: this storinga
the matching

- wthPlain
,As S ↳ r.n .

into node

ext node can be set value
565244 ⑫ unsuccessful

↳ un
.
ext Node.

return 35288 ↓ 654k(ext) <76
this2
Tude.

pred.
--

S
its key

can
be rusuc

.

eliminateall keys
<44)

set-
↳ (how large OLDbetweed 176. node .



Tracing: Searching through a BST

(28, “alan”)

(21, “mark”) (35, “tom”)

128

↓
2128#

3328

* -
n2l 135

I z ==2 pred
suq v

-

I A &
-

- 33435

ec
Di

I
. O.
t.:

Di extri zi extratextra
fand Suc



Running Time: Search on a BST
* Devisit : given I nodes : Ih

Level I ELevel
->
ext

.
or int.

+ Ocompare K vs. Key(p)
OPot Boyearch.righta② getleft

vs. getRight
A

ext. node (oh) best cast
,

(A2) OCloy) -> lowerbound.
- int

.
node (A3)O(N) ->

worst case,
upper bound.

Fl

R2



Binary Search: Non-Linear vs. Linear Structures

8

17

21

28

29

32

44

54

65

76

80

82

88

93

97

8 17 21 28 29 32 44 54 65 76 80 82 88 93 97
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

unbalanced
balanced ↓

N = 15 -y= 15↑se
D h = 5 se &

h = 1-

O OClyN) ·

&

#↑ &

B & BST2 st st

- &
-

st st

st sti
st st

arching 97
↳ &

on BST2 I

searching so on
BST) = st st performing a

To .
t

. (BSTD = T.O.t(BST2) = a performingaechon st st st a linear search
on

aa

af
of &O



Visualizing BST Operation: Insertion

Insert Entry (28, “suyeon”)

Insert Entry (68, “yuna”)

RT: dominated
K V

.

② Convent let into an int.
-

E

~
C68 ,"Yura' node

.

- # -> 11
It KITX

~
L

~

·

-
~

n-
-

-

-

- 1
O search 28 and return into node M -> .

ext
D search 68 and return② n

.
setElement ("Sugeon") : ext. node e



Worst-Case RT: BST with Linear Height
Example 1: Inserted Entries with Decreasing Keys

<100, 75, 68, 60, 50, 1>

Example 2: Inserted Entries with Increasing Keys
<1, 50, 60, 68, 75, 100>

Example 3: Inserted Entries with In-Between Keys
<1, 100, 50, 75, 60, 68>

loo
-

/

75
-

of h =5------

66 Osol
,
/

-

BST with O(N) height
=> search/insect/deleteexercise- cognt) can be O(N)



- internal node
- height
- height balance

Balanced BST: Definition

Q. Is the above tree a balanced BST?
Q. Still a balanced BST after inserting 55?
Q. Still a balanced BST after inserting 63?

4 B B

Z 3

B B B B B

① I 3
B B B B B B B B B B B

I 2

0000 P Bo O B B

10-0 O O 10-21 XE 1

violationP EDIT d
begin search 17 not guarantee



What is a Priority Queue (PQ)

↑ removewith prioritya

ploweststy > highsovity

/ ↓

d priority
entiesaa

Priorymataa Compare PR with FIFO quent

is
retrieved 1. entries removed from PR according to

priorities.I
2 . entries removed from FIFO acc. To

chronological order



Lecture 21 - April 3

Priority Queues, Heap, Heap Sort

PQ: List Implementations
Heap: Structure, Relational Properties
Heap: Insertion, Deletion
Heap Sort



Announcements/Reminders

• Assignment 4 (on linked Trees) released
• Makeup Lecture (for ProgTest2) posted
• Bonus opportunity: Final Course Evaluation
• Office hours 3pm Thu this week
• Office hours, review session, ex. questions to be releasd
• Lecture notes template, Office Hours, TA Contact



List-Based Implementations of Priority Queue (PQ)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

Approach 1: Sorted List

Approach 2: Unsorted List

Ending
-um,

-spit O(1) ann O[) annu
:2
infrequent- O O(I) ann

~ ①Samu o expansion to
P.C..

more suitable :
->

(1) frequent retrieval/removal of top-prior· entries
- >... -> -...

& min key value ↳ S 2
-

O P
ki = kj

-

↳
>...

-
-

4
...

↳
->



Heaps: Structural Properties of Nodes

Property: The tree is a complete Binary Tree

-> height : logN.

-

h=LogN)

h -2 -> # nodes
from LevelsO

n - 1 to h-1 :

2 - 1

h

Tin Nodesi
Max # Nodes :

(2 - 1) + yh2
+

-



Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) ≥ key(parent(n))

minkey thistree Pl
. Any leaf-to-root

y midkyt tree path has a sortedseg.
O of keefs (non-ascendingorder)

O &
not related 42 . min key exists

in the root

43 . keys between LST and RST

are not related.



Example Heaps

4

Example 1

4

Example 2

6

4

Example 5

6 8

4

Example 6

8 6

6

Example 3

4

4

Example 4

6

not complete
↓ &

67/4
26 complete but sat,

smallae ~ but violates Hop

HOP.

heap.

heaps !
full BT

=> Complete BT



Heap Operations: Insertion

Insert a new entry (2, T)
- O . byN) = O(hoght, insertion

swap

P-

-heat
# levels : OClogN) -D

swap

"bubbling Each levelcomplete (2 ,
T) i

xy
(b, x swap

②key(e
V

Level h ⑫T)
-

O Store new entry as (20< B)

right-most node at level h.



Heap Operations: Deletion

Delete the root/minimum

entryith min key (root)

swapPtD Store K from key(root &
-

down-heap-

ht-most nodeReplace root by rig↓(5: A)
bubbling
.

at level h

cw) - >child with smaller key # levels :

(9sF) ② Olog()
Ph #C Each level:
t O child with DehoseI -(12"(B) smaller key

C O(ycompact

& (133w)
-Edwith

X ③ Swap

smaller
⑤ return k .

0) !; Log N)

Kerf deletion = 0(byN)



Heap Sort: Ideas

a

a.siz
e() -

 1
0

OCN · RoyN)
N entries

#

construst
aet of N entries

~

(A) Top-Down (B) Bottom-Up
O -Royn) extrast : OCN)

min Ollog)
& selection

sort

exploit the Hop (relational
↳ selectioi heap deations by continuing to deletelextract

OLD-each deletion
min/root until tree is

empty.



Exam ~ jeff
sunila

~ 122 review sessions jackig
~ PDF guide ~slides/iPadNotes
~ question booklet (answer booklets) - example code

↳ no calculator 20 ↳ BSTNode

↳ little to none multiple choice gs.
~ assignments

↳ definitions
↳ short answers (explanations - justifications)
↳ coding/tracing
↳ proofs (e .g., asymptotic U . b.

trees



Makeup Lecture (ProgTest1)

ADTs, Stacks



Abstract Data Types (ADTs)
2 1. arraigs2.SLLs 3 . DLLs clientesoblic of AT)

interface
supplier 1. /

> 1. assembled correctly. 2. time efficiency tintype to velt.a

eX/



Java API ≈ Abstract Data Types

ambiguitiesedictions
-

#
[



Stack ADT: Illustration

new stack

push(5)

push(3)

push(1)

pop

pop

pop

isEmpty size top

&

-a
->ToU

.

G. I pushed ineask

FI 5 #
I -

= ⑤
=

F Z 3
F 3 1-shed element

=

uti F 2 3r 2nd
lastelement (LIFO)

S red
= which off

3 F I 5 The=

Lona orders.bedpus



Implementing the Stack ADT in Java: Architecture

kotymohisinding
-> static type S2 :

FOP
unless

PLL

all operationis addaa S
D X-
- - all ops.

② inflexibleeta OLI



Implementing the Stack ADT using an Array
I ↓ ArrayStackString>

-

↳ instantiates E for Stack :

StaskString >
· (ETS) Object[ ]
-

O() ↳ whatou have to

OLD -
limitationfixed size write in Java.

O(1) -efficienttsTull
as the

top.



Implementing the Stack ADT using a SLL

Strategy 1

Strategy 2

proved to O()
in

if a DLLised
=- O(n)
j

-

↓ET
~

↓jtg
>

OCK
top.. "Jim"t,

t

# i
top



Stack ADT: Testing Alternative Implementations
Stack<S> S=Stack();

*↳ interface can't
be a DT.

stati+
7 -

/

- *↓
& ~

gnanictypeI

DT: AS . &
~
Eversion

in As. (DT changes
↳ :

↑

**

-PTS ↓
version in 25

.class of Stack?

T *z is the DT of S a descendant · **
999

s : instanceof Stack T T
-
+ -

Setti s
.

instanceof Arraystack- &?LS Sch
"Mark" s instuctof LinkedStack E II

data -> She



Makeup Lecture (WrittenTest)

Queues, Circular Arrays, Deque



Queue ADT: Illustration

new queue

enqueue(5)

enqueue(3)

enqueue(1)

dequeue

dequeue

dequeue

isEmpty size first

front of G.
back ofg.

-ona
.

"55
~

= F 15

F 25
E

E F3 5
utr. 5 F Z 3

> First- In First-Out (FIFO)
oth. F I I

red . E T & U. A.



Implementing the Queue ADT in Java: Architecture



Implementing the Queue ADT using an ArrayShift
I un 999

--

-

:
-

-

O()
Ox Free
OD

<frondex
-> limitationeiting .

O(1)

7

:
-

S

· yO(n) toimpovethisfeea
snifing "editedherethear array



Implementing the Queue ADT using a SLL

Strategy 1

Strategy 2

O(u)
-

Duse SI instead

& use DLL instead

~ first gene .
↓

first quest



Stack ADT: Testing Alternative Implementations
V

I

dynaila
-

Polymorphism



Implementing the Queue ADT using a Circular Array

Phase 2: dequeue 2 times

Phase 3: enqueue 2 elements

Assume: A circular array of length 4.
Phase 0: Empty Queue q

0 1 2 3

Phase 1: enqueue 3 elements

data

0 1 2 3

data

0 1 2 3

data

0 1 2 3

data

size of quent vs . size of away % modulo 1
. fix-sized (no resizing(

2 . flexible for performing "dequere"
dataIf]=nulls f++ =

f=0 :
V=05 tom

11 T 1

Size : 3 -z==
fr Empty Queue? v= = f Ifgr-13 = ↓ f Vo&

(r-1) -f +1 Size of arra : size of3 18 4 fixed G .
(3+1)%4

&dataty = items ....
v= (r+ 1)%N

: V++5
-

-

I data[v] = items V++ =

alan mark tom empfore slotsbeforeindex .. 0.

T

+,0 1
size : vf 3 Yuna tom suffer-

Il Il 1 T

f Queue Full ? (v+D% v.
↳ v-fl +(42) [0

,
v-1] If s N-1]

- wher v points to 3. 4 Size : V<fD-OH ↓

is the only emptyslot . ↳ v+ (-f) = v 0f (N-1) -frIE



Makeup Lecture (ProgTest2)

BST Deletions, Constructing Heap,
Array-Based Implementations of BTs



Visualizing BST Operation: Deletion
Case 1: Delete Entry with Key 31

Case 2: Delete Entry with Key 80

Case 3: Delete Entry with Key 32

=> nothing.
Todelete -

2
+o <P

v

nar

orubtree:

W822829x&



Visualizing BST Operation: Deletion

Case 4.2: Delete Entry with Key 88

Case 4.1: Delete Entry with Key 17

In-Order Traversal
r

· ,
...

left-most n
.
iRST

P
-

LSTRST right-most node in 1ST

15t X
#
8d
=2 < P

↓
-

IST *
Er

rightmost Cases
in
1ST 8 M 2 -. .

657680893 ...

largest key that's smaller thanO



Top-Down Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied one at a time.

&T : # nodes level
* # up-heap
1+ 27 . I bubbling

c first insertedevel 2 root < logysteps
+ 22.2 logc

- Inlogt
-----

O 2= ) Level 0
~ /

b
*
x *** - 1 + by+ . (2+2+ - ..+2) DO 2 =2 level]

L4S
=I +by zn)n- 1)

000z4Level

d O(u . logn)
:

h

to Exercise : Complete inserting the
00 ......... 002

weelh

remaining kings to the heap.



Bottom-Up Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied all at once.

5%% Step 1
8 heaps , Size Is height o

16 15412677 2320

15. ↓z Step 2
& G

&
25% 17

D / /
&

·4 r I 727232
D 11

Steps: &

- -

12.5 Step3 4
6

& tentries
: *

z
+ =
i 3 15 S

⑮ is 25a
I

osit
-

- - ↑

->
Step -

7:

obeigtthe
- ·

-



Array-Based Representation of a Complete BT

1211109876543210

O :

Exercise
·Iv zi Le What if the BT

Levelz is not complete ?
·3

inflict
4right 6

( be for space util. ).
T 8.9 · 10

.
11

.
12 Level Dindex : E

- # nodes:

&

Gl LZ
↳

(4 > () (5>A) (baz) (15sk) (93F) (TaR) (20s B) (16sX) (2535) (14
,E) (ligH) (lIgS) (BaW



I hope you enjoyed learning with me e

All the best to you


